Origin of the geometric tachyon 
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The motion of a Dp-brane in the background of a stack of coincident NS5-branes is analyzed as the 
motion of a relativistic point particle in the transverse space of the five-branes. In this system, the 
particle experiences a proper acceleration orthogonal to its proper velocity due to the background 
dilaton field which changes the dynamics from that of a simple geodesic motion. In particular, we 
show that in the vicinity of the five-branes, it is this acceleration which is responsible for modifying 
the motion of the radial mode to that of an inverted simple harmonic oscillator leading to the 
tachyonic instability. 
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In string theory, it is well-known that soliton solutions 
like the NS5-brane and Dp-brane are contained in the 
string spectrum. While the former is supersymmetric 
and stable, the latter can be either supersymmetric and 
stable (BPS Dp-brane) or non-supersymmetric and un- 
stable (non-BPS Dp-brane). A pair of D-D branes is 
non-supersymmetric even if each is supersymmetric in- 
dividually. Such non-supersymmetric systems are unsta- 
ble because the lowest lying state of the open string, ei- 
ther (both ends) ending on a single non-BPS D-brane 
or stretched between the brane and the antibrane, is a 
tachyon. The condensation of the tachyon can lead to a 
stable brane configuration or the total annihilation of the 
brane. A nice review of this phenomenon can be found 
in [l| . The dynamics of tachyon condensation has led to 
many interesting time dependent phenomena including 
the decay of a non-BPS brane into a strange "tachyon 
matter" state whose equation of state is that of a pres- 
sureless fluid An effective action of the Dirac-Born- 
Infeld (DBI) type for the tachyon 0, H, i, [Qi] has been 
very useful in understanding such processes. 

A completely different dynamics, namely, that of a 
BPS Dp-brane propagating in the background of a stack 
of coincident NS5-branes, has been studied recently us- 
ing the effective DBI action Q. It has been observed 
there that when the Dp-brane comes close to the NS5- 
branes, the dynamics of the Dp-brane can be mapped 
to that of the open string tachyon condensation, where 
the radial mode on the Dp-brane plays the role of the 
tachyon. Moreover, its equation of state approaches that 
of a pressureless fluid with the pressure falling off ex- 
ponentially at late times. These properties along with 
the fact that a parallel Dp-NS5 brane system is a non- 
supersymmetric system, has led to the nomenclature "ge- 
ometric tachyon" for the radial mode on the Dp-brane. 
The tachyonic instability has been made more precise 
Q by compactifying one of the transverse directions of 



the NS5-branes on a circle and placing the Dp-brane, as 
a point on this circle diametrically opposite to the five- 
branes. In such a case it has been observed that the po- 
tential energy density of the Dp-brane at this point has 
a saddle point. As a result, this point corresponds to an 
unstable equilibrium and the Dp-brane develops a tachy- 
onic mode associated with translations along the circle. 
Various other as pec ts of this system have also been in- 
vestigated in [i. Til [H E [il El [il- For example, 
it has been noted recently that under certain conditions 
a geometric tachyon in one system gets mapped to the 
universal open string tachyon in another system and vice- 
versa [Toj . 

In this letter we look for a better understanding of the 
origin of the tachyonic instability when the motion is in 
the uncompactificd transverse space. Our interest is in 
the dynamics of a BPS Dp-brane in type II string theory 
in the presence of N coincident NS5-branes and we for- 
mulate this as the motion of a relativistic point particle 
in the background of fields generated by the NS5 branes. 
We take the five-branes to be stretched in the directions 



^) and their world- volume directions are de- 
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noted by xP', /I = 0, 1, . . . , 5. Similarly the transverse di- 
rections are labeled by x™, m — 6,7, 8, 9. The Dp-brane 
is taken to be parallel to the coincident five-branes, i.e., 
it is extended in the directions x^, n = 0, 1, . . . ,p with 
p < 5. Hence the Dp-brane is point-like in the directions 
X™. When the Dp-brane is placed at a large distance 
r — (a;™x™)^/^, from the stack of coincident NS5-branes, 
it experiences an attractive force due to both gravita- 
tional and dilatonic interactions. Since the mass (^ l/ffs 
where gs denotes the string coupling constant) of the 
NS5-branes is much larger than the mass (~ 1/ffs) of 
the Dp-brane at weak string coupling, the Dp-brane will 
move towards the NS5-branes. 

The background fields for the five-branes are obtained 
from the supergravity solution as {rjpp = (— , • • • , -I-)) 

ds^ = -dr'^ ^ rjfo^dx'^dx'' + Gmndx"^dx", 
Nil 



H{r) = 1 



2 



H„ 



(1) 



where H{r) is the harmonic function describing the N 
coincident five-branes (with denoting the fundamental 
string length). Here (p denotes the dilaton field, e'^" — Qs 
is the string coupling constant and Hmnp is the field- 
strength of the NS B-field. 

We label the world- volume coordinates of the Dp-brane 
by A* = O7 1: • • ■ s-nd identify = x'^ by making use 
of the reparametrization invariance on the world- volume. 
Since, we are considering the motion of the Dp-brane only 
in the transverse space of the NS5-branes, the position of 
the Dp-brane in this space, {x^,x^ ,x^,x^), gives rise to 
scalar fields, m = 6, . . . , 9 on the world- volume 

of the Dp-brane. The dynamics of these scalar fields is 
governed by the DBI action 



-(4>-4>q) 



-det (Gp 



B„ 



(2) 



and 



where Tp is the tension of the Dp-brane. 
the induced metric and the B-field on the world-volume, 
given by {X^^ — x^) 



a function of time, it has an implicit time dependence. 
The Lorcntz factor follows from ([T|) to be 



dt 



1 



(6) 



and denoting the proper velocity of the particle as = 
dX''"/dT, it can be checked easily that GmnU^u^ = ^ 1- 
The momentum of the particle is obtained from ([5]) to be 

P,j, = TpVpe-^GrnnU^, which Icads to P2 = G'^^'PfnPn = 

— (TpVp)'^ e~'^'^ and this makes it clear that such a parti- 
cle is not tachyonic in the conventional sense unless the 
dilaton field becomes complex. 

Therefore, to understand the origin of the tachyonic in- 
stability, let us analyze the equations of motion following 
from ([5]) which correspond to the motion of a particle in 
a curved background subject to an acceleration, namely. 



d^X" 

dT^ 



„-„ dX^ dXP 
dr dT 



(7) 



where FJ^ is the Christoffel symbol constructed from the 
metric Gmni namely, 



G^i, 
Bii.u 



dX^ dX^ 



Gab{X), 



dX^dX^ 
-q^^Bab{X). 



Here the indices A, i? = 0, 1, . . . , 9 and Gab and Bab are 
the metric and the _B-field in ten dimensions, given in ([T]). 
We are interested in the case when the fields representing 
the position of the Dp-brane X™, m = 6, . . . , 9, depend 
only on time, X™ = X''"{t). In this case, the action 
simplifies considerably and takes the form 



Sp — 



'^p^p 



dt e-('^-'^°) 1 - GranX'^X'' 



(4) 



where Vp is the volume of the p-dimensional space in 
which the Dp-brane is stretched out and an 'overdot' rep- 
resents a derivative with respect to t. The dilaton field 
and the metric Gmn are related to the harmonic function 
as noted in 

We rewrite the above action in a suggestive form as. 



r™ — 1 ^mg lp)_/^ |_ fin r)-n--\ 

np — 2 K^n^qp T ^p^nq ^q^npj : 



(■3^ and the proper acceleration a™ is given by 



dr dr 



(8) 



(9) 



Thus we note that the dilaton background is responsible 
for a proper acceleration leading to a deviation of the 
trajectory of the particle from its geodesic. It can be 
checked easily that Gmnu'^ct" = so that the proper 
acceleration is orthogonal to the proper velocity as would 
be expected for a relativistic system. This is reminiscent 
of a Rindler particle executing hyperbolic motion ^r?| and 
clarifies the origin of the hyperbolic solution obtained in 

We can compute the energy-momentum tensor by us- 
ing the general formula 



dL 



did^X"^) 



d^X' 



(10) 



Sp = -TpVp I dte-'\l -GrnnX-'-^X^ 



-TpVp I dre 



dX™ dX" 

'Gffin ; ' , (5) 

dr dr 



where (j) = (f) — 4>o, Gmn = (—1, Gmn) with m and n 
taking values fh = (0,to) = 0,6,7,8,9; X° = t and r 
is the proper time. The action (O can be thought of 
as describing the dynamics of a relativistic point particle 
in gravitational as well as dilatonic backgrounds. Note 
that does not depend on X^ and, therefore, on time 
explicitly. However, since it depends upon X™, which is 



where L is the Lagrangian of the action (5) and the non- 
vanishing components take the explicit forms, 

T°o = TpVp-fe-^ = E, 

r^' = -TpVp-f-^e-^S'^ = pS'^, (11) 



where 7 is the Lorentz factor defined in ([6]) and E,p 
denote the energy and the pressure of the system respec- 
tively. From time translation invariance we expect energy 
to be conserved and similarly rotational invariance in the 
transverse space leads to the conservation of angular mo- 
mentum in the system. 



3 



The time component (m = 0) of the equation of motion 
yields 



d'y d(j) 



(12) 



which we recognize from (llip to lead to conservation of 
energy. On the other hand, using the dynamical 
equation ([7]) for fh — m takes the form 

+ r^pX^XP + GpqXPX''G"'''dn4> = 0. (13) 

We note that for large separations the leading behaviour 
of this equation is the free particle motion described by 
j^m _ Q ^jjjg corresponds to the vanishing of the grav- 
itational force as well as the acceleration a™ for large 
separations in the leading order. We study below the 
dynamics of the system in the next to leading order. 

For this purpose it is simpler to work in the spherical- 
polar coordinates. Using the fact that angular momen- 
tum is conserved, we can restrict the motion of the par- 
ticle to a plane with the radial mode R and the angular 
mode Q. In this case the line element in ([Ij takes the 
form 

- dr^ = -df + HdR^ + HR^dQ^, (14) 
and correspondingly the Lorentz factor ([6]) becomes, 

1 



7 



(15) 



The nonvanishing components of T can be computed 
from ([S]) and are given by. 



RR 



R0 



Or In Vh, rge - -R^Or In VhR^, 



rg^ = Or In VHR^. 



(16) 



In the spherical coordinates (|T3|) has the form 

i? - RQ^ + ^dnH (2HR^ - ij =0, 

e + j^dR{HR^)eR = 0. (17) 

Since Q is an angular coordinate, its conjugate gives the 
angular momentum of the form 



L = TpVpje-'f'HR^e = EHR^e. 
Defining the quantity 



E 



(18) 



(19) 



we note that the second equation in P7)l leads to the 
conservation condition 



namely, the angular momentum associated with the mo- 
tion of the particle is conserved. 

The true dynamics of the system is contained in the 
i?-equation in P7)l . Using as well as the fact that 
energy in pip is conserved, we obtain from psp 



R' 



TpVp 

E 



R^J 



> 0, 



(21) 



which determines (using the form of H in ([T])) that for 
^ > 1, we must have (iV^^ _ £2^ > q ^nd R'^ < i?^, 
while for ^ < 1, we can have either (TV^^ _ > q 
without any restriction on R, or {Ni"^ — £'^) < with 



i?2 > Rl where R^ = 



Since we are inter- 



ested in the behavior of the system close to the origin 
i? ~ 0, it is clear that we must have [Nil - f^) > 
independent of the value of the ratio (Parenthet- 
ically, we remark here that the analysis in [7| assumed 
that > 1, but the difference in whether this ratio is 
bigger than or smaller than unity simply reflects how far 
away the Dp-brane can be from the NS5 branes initially. 
Since it is natural to assume that the Dp-brane starts out 
infinitely far away, we would assume < 1, although 
what is really important for the analysis of the behavior 
near the NS5 branes is that 7V^^ _ £2 > q 

From (fT6|) as well as ([9]) we find that for large R both 
the gravitational as well as the dilatonic forces behave as 
-gj so that for large R ^ VNis the radial equation in 
(|17)1 yields 



R + {Nil - ^2) 



Rl 



1 

'r^ 



(22) 



as expected for a particle moving in an attractive —1/R^ 
potential (up to multiplicative factors) in four spatial 
dimensions (as long as {N£'^ — £^) > 0). The dy- 
namics of the Dp-brane in the vicinity {R <C \fNls) 
of the NS5-branes is better understood in the variable 
Z ~ 1/R. In this variable the harmonic function becomes 
H = 1 + NijZ^ and for VNi^Z > 1, the i? equation in 
(fT7)) takes the form 



1 



£^)Z 



0. 



(23) 



For {N£l —£'^) > which is the case of interest for us, we 
recognize (j23|) to correspond to an inverted simple har- 
monic oscillator. On the other hand, we note that in the 
absence of the acceleration the radial equation for small R 
reduces to Z = 0. The origin of the tachyonic instability 
is now clear, namely, it is the acceleration due to the dila- 
tonic background which is the source of the instability. 
Even though < indicating that the particle is not 
tachyonic in the conventional sense, the dilatonic force 
that it experiences in the background of the NS5 branes 
leads to hyperbolic motion and the tachyonic instability 



4 



in the system. Furthermore, using this hyperbolic mo- 
tion (solution of (US])), we can check the known fact that 
the pressure as given in (fTTj) falls off exponentially at 
late time. We note here that although exhibits a 
tachyonic instability, in order to see where the instability 
occurs we give the complete radial equation below (see 
the first eq. in ^7^) 



R 



{Nil - e)Ni'i 



(i?2- 

_dV_ 



R 



1 



Rl 



R' 



(24) 



where V{R) is the potential in which the particle moves. 
From this we find that, for i?o < VNis which is the case 
of our interest, the instability occurs at i? = and the 
effective mass squared of the particle is 



d^V{R) 



dR^ 



{Nil - f) 



R=Q 



[Nil) 



'2^2 



(25) 



of string theory unless we set the dilaton to zero by hand. 
On the other hand, if we consider the motion of a funda- 
mental string, given by the Nambu-Goto action, in the 
background of a stack of coincident D5-branes, then the 
absence of a dilaton prefactor in the Nambu-Goto action 
may lead one to think that the particle will not experi- 
ence any acceleration and would follow the gravitational 
geodesic without any instability. However, this is not 
true since the background D5-branes can give rise to an 
induced metric with an overall conformal factor (so that 
the action takes the form ([5])) and this conformal fac- 
tor can indeed be a source of proper acceleration leading 
to a geometric tachyon in the dynamics. In fact, it is 
known that a parallel but separated F-D5 system is non- 
supersymmetric and so we expect a tachyonic instability. 
The F-string in this case is known to melt into the D5- 
branes to form a non-threshold bound state [l^. The 
formation of this bound state can be viewed as due to 
the geometric tachyon condensation. The details of this 
work will be published in a companion paper . 



However, since the effective string coupling e"^ blows up 
at i? = 0, a full quantum treatment is necessary to iden- 
tify the true position of instability. 

We emphasize that in the absence of the additional 
force produced by the dilaton, the particle will follow a 
gravitational geodesic which does not lead to any insta- 
bility. Of course, this cannot happen within the context 
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